























$D$ , $\pi:\Deltaarrow D$ .
, , $\mathcal{G}$ $\pi$ . , $\Gamma$ $D$
$\pi_{1}(D)$ , $H^{\infty}(D, \Gamma)$ $D$ $f$
$\Gamma$ . $H^{\infty}(D, \Gamma)\neq\{0\}$
(1) $|f^{*}(z)|= \sup\{|f(z)| : f\in H^{\infty}(D, \Gamma), \Vert f\Vert\leqq 1\}$
. $z$ $D$ .
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$f^{*}\in H^{\infty}(D, \Gamma)$ .
1. ([Sl; Lemma 1]) $E$ $D$ , $B$ $E$
sup-norm $\Vert\cdot\Vert_{E}$ . , $\alpha\in B$
$\Vert\alpha\Vert_{E}\leqq 1$ . , $\zeta\in D\backslash \overline{E}$ $h_{\zeta}\in H^{\infty}(D)$
$|h_{\zeta}(\zeta)|>1$ $\Vert h_{\zeta}\alpha\Vert_{E}\leqq 1$
. $X$ $D\backslash \overline{E}$ $\zeta$
, $X$ $\xi$ $h_{\zeta}\in H^{\infty}(D)$ $|h_{\xi}(\xi)|>1$ $\Vert h_{\xi}\alpha\Vert_{E}\leqq 1$
.
, $\Vert\alpha\Vert_{E}=q<1$ , $\xi\in X$ $h_{\xi}=1/q$
, . , $\Vert\alpha\Vert_{E}=1$ .
, $T=$ { $\xi\in X$ : $\exists h_{\zeta}\in H^{\infty}(D)\ni|h_{\xi}(\xi)|>1$ $\Vert h_{\xi}\alpha\Vert_{E}\leqq 1$ } .
, $\zeta\in T$ , $T$ . $T=X$
. $T$ , $X\backslash T$
. , $a\in x\backslash T$ . ,
$\Vert h\alpha\Vert_{E}\leqq 1$ $h\in H^{\infty}(D)$ $|h(a)|\leqq 1$ .
, $h\alpharightarrow h(a)$ $\alpha\cdot H^{\infty}(D)|_{E}$ .
Hahn-Banach $B$ $m$ .
, $\Vert m\Vert\leqq 1$ . $B$ Banach , $M$
, $B$ $M$ $C(M)$ .
, $m$ $M$ .
$m$ . ,
(2) $h(a)= \int_{M^{\wedge\wedge}}h\alpha dm$ $(\forall h\in H^{\infty}(D))$
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, $\int_{M}|dm|=\Vert m\Vert\leqq 1$ . , $\wedge h$ $h|_{B}\in B$ Gelfand .
$h\equiv 1$ ,
$1=h(a) \leqq\int_{M}|\alpha||dm|\wedge\leqq\int_{M}|dm|\leqq 1$
, $\Vert m\Vert=1$ , $m$ $K=\{|\alpha|=1\}$
. $d\rho$ $:=\alpha dm\wedge$ . (2)
$h(a)= \int_{M}hd\rho\wedge$ $(\forall h\in H^{\infty}(D))$ .
, $f(z, \xi)$ $:=(z-a)/(z-\xi)$ . $\xi$ $a$ , 1
$zrightarrow f(z, \xi)$ $E$ . , $f(\cdot, \xi)\in B$ ,
$F(\xi)$ $;= \int_{M^{\wedge}}f(\cdot, \xi)\ovalbox{\tt\small REJECT}$
. Gelfand
$\Vert f(\cdot, \xi)-\wedge\wedge f(\cdot, \xi’)\Vert\approx<\Vert f(\cdot, \xi)-f(\cdot, \xi’)\Vert_{E}$
$=| \xi-\xi’|\Vert\frac{z-a}{(z-\xi)(z-\xi’)}\Vert_{E}arrow 0$ $(\xi’arrow\xi)$
, $F(\xi)$ $a$ $F(a)=1$ . , $a$
$U$ , $F(\xi)\neq 0(\forall\xi\in U)$ . , $\xi\in U$ 1
. $h\in R^{\infty}(D)$
$g(z)$ $:=(h(z)-h( \xi))\cdot\frac{z-a}{z-\xi}=(h(z)-h(\xi))\cdot f(z, \xi)$
, (D) , $\int_{M}gd\rho\wedge=g(a)=0$ . Gelfand
, $\wedge g=(h\wedge-h(\xi))f(\cdot\xi\wedge,)$ . ,
$\int_{M^{\wedge\wedge}}h\cdot f(\cdot, \xi)d\rho=h(\xi)\int_{M^{\wedge}}f($., $\xi)d\rho=h(\xi)\cdot F(\xi)$ .
$h\in H^{\infty}(D)$ , $d\mu$ $:=$ $\frac{\wedge f(\cdot,\xi)}{F(\xi)}d\rho$ $\xi$ $H^{\infty}(D)|_{E}$
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.
, $h\in H^{\infty}(D)$ $\Vert h\alpha\Vert_{B}\leqq 1$ . , $\Vert h\alpha\Vert_{\infty}\wedge\wedge$
$\leqq\Vert h\alpha\Vert_{E}\leqq 1$ , $K$ $\leqq 1$ . , $\xi\in U$
$|h( \xi)|=|\int_{M^{\wedge}}\hslash d\mu|=|\int_{K}\wedge hd\mu|\leqq\int_{K}|d\mu|=\Vert\mu\Vert$ .
$K$ $|h|\wedge\leqq 1$ , $|h^{n}|\wedge\leqq 1$ $(n=1,2, \ldots )$ ,
$|h^{n}( \xi)|_{-}=|\int_{K}hd\mu\wedge n|\leqq\Vert\mu\Vert$ .
, $|h(\xi)|\leqq\Vert\mu\Vert^{1/n}arrow 1(\mathfrak{n}arrow\infty)$ , $|h(\xi)|\leqq 1(\forall\xi\in U)$ . ,
$X\backslash T$ .
2. ([Sl; Theorem 1]) $\Gamma$ $\pi_{1}(D)$ (D, $\Gamma$ ) $\neq\{0\}$





$\exists h\in fl^{\infty}(D)\ni\sup_{D}|f^{*}h|\leqq 1<\sup_{D}|h|$
. , $\zeta\in D$ $|h(\zeta)|>1$ , $\zeta$ $z$ $D$
$\gamma$ . , $U$ $\gamma\subset U\subset\overline{U}\subset D$ , $E$ $:=D\backslash U,$ $\alpha:=$
$|f^{*}||_{E}$ . ,
$\sup\alpha|h|\leqq$ $\sup|f^{*}h|\leqq$ $1$ $|h(\zeta)|>$ $1$
$E$ $D$
, 1 . , $\zeta$ $D\backslash \overline{E}$
X , $\xi\in X$ $|h_{\zeta}(\xi)|>1$ $\sup_{E}|f^{*}h_{\xi}|\leqq 1$ $h_{\xi}\in$
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$H^{\infty}(D)$ . , $E$ $z\in X$ ,





$\leqq$ 1 . , $fh_{z}\in$
$H^{\infty}(D, \Gamma)$ $\Vert f^{*}h_{z}\Vert_{\infty}\leqq 1$ . , $|f^{*}(z)h_{z}(z)|>|f^{*}(z)|$
, $f^{*}$ (1) . $\square$
3. ([Sl; Theorem 2]) 5 :
(a) $u\in L^{\infty}(d\theta, \mathcal{G})(u\geqq\rho>0)$ $H\in H^{\infty}(\Delta, \mathcal{G})$ $|H(e^{i\theta})|=$
$u(\theta)(a.e. \theta\in\partial\Delta)$ .
(b) $R^{\infty}(\Delta, \mathcal{G})$ $L^{\infty}(d\theta, \mathcal{G})$ $M_{L^{\infty}}$ , $IP(\Delta, \mathcal{G})$
Shilov $M_{L^{\infty}}$ .
(c) $D$ ( ) $f$ $\sup_{D}|fh|=\sup_{D}|h|(\forall h\in H^{\infty}(D))$
, $D$ $\ell$ $\sup_{D}|f\ell|=\sup_{D}|P|$
.
(d) $D$ ( ) $f$ $\sup_{D}|fh|=\sup_{D}|h|(\forall h\in H^{\infty}(D))$
, $f\circ\pi\in H^{\infty}(\Delta)$ .
(e) $\partial\Delta$ $u$ $\mathcal{G}$ $u\geqq\rho>0$ $\int_{0}^{2\pi}\log ud\theta<$
$\infty$ , $\mathcal{G}$ $H\in H^{\infty}(\Delta)$ $|H(e^{i\theta})|=u(\theta)(a.e. \partial\Delta)$
.
$(a)\Rightarrow(b)$ : Gelfand-Neumark $L^{\infty}(d\theta, \mathcal{G})\cong C(M_{L^{\infty}})$
. $\wedge u\in C(M_{L^{\infty}})$ , $u\in L^{\infty}(d\theta, \mathcal{G})$
, (a) $H\in H^{\infty}(\Delta, \mathcal{G})$ $|H(e^{i\theta})|=\exp(u(\theta))$
a.e. . Gelfand , $|\hat{H}|=\exp(u\wedge)$
. (b) .
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$(b)\Rightarrow(c):f$ $D$ $\sup_{D}|fh|=\sup_{D}|h|(\forall h\in H^{\infty}(D))$
, $F:=f\circ\pi$ . , $H=h\circ\pi\in R^{\infty}(\Delta, \mathcal{G})$
$(fh)(z)=(f\circ\pi)(\xi)\cdot(h\circ\pi)(\xi)=F(\xi)H(\xi)(z=\pi(\xi), \xi\in\Delta)$ . ,
(3) $\sup_{\Delta}|FH|=\sup_{D}|fh|=\sup_{D}|h|=\sup_{\Delta}|H|$ $(\forall H\in H^{\infty}(\Delta, \mathcal{G}))$
. , $F=f\circ\pi$ , $\partial\Delta$
$F(e^{i\theta})$ . $|F(e^{i\theta})|$ $\mathcal{G}$ , $L^{\infty}(d\theta, \mathcal{G})$ , ,
Gelfand $|F|^{\wedge}$ . (3) .
$\sup_{M_{L}\infty}|\hat{H}|=\sup_{\partial\Delta}|H|=\sup_{\Delta}|FH|=\sup_{\partial\Delta}|F||H|=\sup_{M_{L}\infty}|F|^{\wedge}|\hat{H}|$ .
Shilov , $x\in M_{L^{\infty}}$ $M_{L^{\infty}}$ $x$
$U$ , $H\in H^{\infty}(\Delta, \mathcal{G})$
$\sup_{U}|\hat{H}|>\sup_{M_{L}\infty\backslash U}|\hat{H}|$
. $|F|^{\wedge}$ $U$ 1
. $|F|^{\wedge}$ $U$ , $|F|^{\wedge}$ $M_{L^{\infty}}$
1 . , $D$ $p$





$(c)\Rightarrow(d);f$ $D$ $\sup_{D}|fh|=\sup_{D}|h|(\forall h\in$
$H^{\infty}(D))$ . , $F;=f\circ\pi$
. , $\partial\Delta$ $E$ $|E|>0$ $E$ $|F|\leqq\delta<1$
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. $|F|$ $\mathcal{G}$ $E$ $\mathcal{G}$ .
$u(z)$ $:= \frac{1}{2\pi}\int_{0^{2\pi}}\chi_{E}(\theta)P_{z}(\theta)d\theta$
$L$ $:=\exp(u+iu^{*})$ . $u^{*}$ $u$ . $|L|$




$\sup_{D}|\ell|=\sup_{\Delta}|L|=e$ , (C) .
$(d)\Rightarrow(e);u$ $\partial\Delta$ $\mathcal{G}$ $u\geqq\rho>0$ $\int_{0^{2\pi}}\log ud\theta<$
$+\infty$ ,
$L(z)$ $:= \exp(\frac{1}{2\pi}\int_{0^{2\pi}}\log u(\theta)\cdot\frac{\dot{d}^{\theta}+z}{e^{i\theta}-z}d\theta)$
. , $|L|$ $\mathcal{G}$ $1/L$ . $p$ $:=L\circ\pi^{-1}$ , $p$
$D$ $\pi_{1}(D)$ . $\Gamma$ .
, $(1/L)\circ\pi^{-1}\in R^{\infty}(D, \Gamma^{-1})$ . , $R^{\infty}(S, \Gamma^{-1})\neq\{0\}$ , $\Gamma^{-1}$
1 . , $f\in H^{\infty}(D, \Gamma^{-1})$ $\sup_{D}|fh|=\sup_{D}|h|$
$(\forall h\in H^{\infty}(D))$ . (d) $F=f\circ\pi$
. , $H$ $:=FL$ $\mathcal{G}$ $|H(e^{i\theta})|=|F(e^{i\theta})||L(e^{i\theta})|=|L(e)|w=$
$u(e^{i\theta})a.e$ . .
$(e)\Rightarrow(a):(d)\Rightarrow(e)$ , $u$ $L$
. , (a) .
1 $D\subset \mathbb{C}\wedge$ , $\partial\Delta$ $u$ $u\geqq\rho>$
$0$ $\log u\in L^{1}(d\theta, \mathcal{G})$ $H\in S(\Delta, \mathcal{G})$ $|H(e^{i\theta})|=u(\theta)a.e$ .
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. , $S(\Delta, \mathcal{G})$ $\Delta$ $\mathcal{G}$ Smirnov
.
4. $D$ $D$ 2
.
, $D$ , $D$ 2 (e) .
, $D$ 2 , $u$ $\partial\Delta$ $\mathcal{G}$ $u$
$\geqq\rho>0$ $\log u\in L^{1}(d\theta, \mathcal{G})$ . , 2
$(d)\Rightarrow(e)$
$L(z)$ $:= \exp(\frac{1}{2\pi}\int_{0^{2\pi}}\log u(\theta)\cdot\frac{e^{i\theta}+z}{e^{i\theta}-z}d\theta)$
, $H=FL$ $\mathcal{G}$ Smirnov . , $L$
, $H$ Nevanlinna . , $H=B(S_{1}/S_{2})h$
( , $B$ Blaschke , $S_{1}$ $S_{2}$ singular function, $h$
. $H$ $S_{2}\equiv 1$ . , $H$ Smirnov
. , $|H(e^{\mathfrak{i}\theta})|=u(e^{ie})a.e$ . . , $D$ .
3. $Parreau-Widom$ .
2 Riemann $D$ $Parreau-Widom$ ,
$\pi_{1}(D)$ $\Gamma$ (D, $\Gamma$ ) $\neq\{0\}$ .
5. ([W2]) $D$ :
(a) $\pi_{1}(D)$ $\Gamma$ (D, $\Gamma$ ) $\neq\{0\}$ .
(b) $\pi_{1}(D)$ $\Gamma$ $H^{1}(D, \Gamma)\neq\{0\}$ .
(c) $\inf_{\Gamma\in\pi_{1}(D)}[\sup\{|f(a)|:f\in R^{\infty}(D, \Gamma), \Vert f\Vert_{\infty}\leqq 1\}]>0$.
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(Riemann ) Parreau-Widom
. . $D$ ,
$a$ Green $G(z, a)$ . ,
$\alpha>0$ $D(a, \alpha)=\{z\in D:G(z, a)>\alpha\}$ , $D(a, \alpha)$ 1 Betti
$B(a, \alpha)$ . Widom .
3(Widom [W2]) ( Riemann ) $D$ $Parreau-Widom$
, 1 $a\in D$ $\int_{0}^{\infty}B(a, \alpha)d\alpha<\infty$ .
$a\in D$ , $a$
. , $\alpha>0$ $\{z\in D:G(z, a)\geqq\alpha\}$
, ( ) . $D$
$zrightarrow G(a, z)$ (critical point) $Z(a)=\{\zeta_{1}, \zeta_{2}, \}$
, $\int_{0}^{\infty}B(a, \alpha)d\alpha=\sum_{k}G(a, \zeta_{k})$ , Widom $\sum_{k}G(a, \zeta_{k})$
$<\infty$ . Parreau [P] . ,
, Parreau-Widom .
6. ([H2]) Parreau-Widom Parreau-Widom
.
7. ( $[S1$ ; Theorem 3]) Parreau-Widom .
$D$ Parreau-Widom , $D$ $f(\not\equiv 0)$
$\sup_{D}|fh|=\sup_{D}|h|(\forall h\in H^{\infty}(D))$ . $F:=$
$f\circ\pi$ . ,
$u(z)$ $:= \frac{1}{2\pi}\int_{0^{2\pi}}|F(\dot{d}^{\theta})|P_{z}(\theta)d\theta$
, $L$ $:=\exp(u+iu^{*}-1)$ . , $|F|$ $\mathcal{G}$ $|L|$
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. $\ell$ $:=L\circ\pi^{-1}$ , $D$ . ,
$\sup_{D}|p|\leqq 1$ .
$\sup_{D}|Ph|=\sup_{D}|h|(\forall h\in H^{\infty}(D))$ . $e^{\iota-1}\geqq t$
$(\forall t\in \mathbb{R})$ . $|F|$ , $|F(z)|\leqq u(z)(\forall z\in\Delta)$
. , $|L|=e^{u-1}\geqq u\geqq|F|$ . $h\in H^{\infty}(D)$
$H:=h\circ\pi$ ,
$\sup|h|\geqq\sup|Ph|=\sup|L||H|\geqq\sup|F||H|=\sup|fh|=\sup|h|$ .
$D$ $D$ $\partial\Delta$ $\partial\Delta$ $D$ $D$
, $\sup_{D}|Ph|=\sup_{D}|h|$ .
, $p$ $\pi_{1}(D)$ $\Gamma$ , $g\in H\infty(D, \Gamma)$
$\Vert g\Vert_{\infty}\leqq 1$ . , $h$ $:=g/p\in H^{\infty}(D)$ , 1
$\geqq\Vert g\Vert_{\infty}=\sup_{D}|Ph|=\sup_{D}|h|$ . , $D$ $|g(z)|\leqq|P(z)|$ .
$|P|\equiv 1$ . $a\in D$ $|\ell(a)|=k<1$
. $D$ Parreau-Widom , Widom (C)
$m(a)$ . $N$ $k^{N}<m(a)$ .
, $h\in H^{\infty}(D)$ $\sup_{D}|\ell^{N}h|=\sup_{D}|h|$ .
, $\Vert g\Vert_{\infty}\leqq 1$ $g\in H^{\infty}(D, \Gamma)$ $|g|\leqq$
$|P^{N}|$ . ,
$m(a) \leqq\sup\{|g(a)|:g\in H^{\infty}(D, \Gamma), \Vert g\Vert_{\infty}\leqq 1\}\leqq|\ell(a)^{N}|=k^{N}$
. , $|P|\equiv 1$ . $p$ , $\ell(z)\equiv$
$i\alpha$
$e$ $\alpha$ . , $u\equiv 1$ , $\partial\Delta$
$|F(e^{i\theta})|=1a.e$ . . . $\square$
8. ( $[S1$ ; Theorem 4]) $D$ Parreau-Widom , $u$
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$\mathcal{G}$ $\int_{0^{2\pi}}|\log ud\theta|d\theta<\infty$ ,
$\Delta$ $\mathcal{G}$ $H$ $|H(e^{i\theta})|=u(\theta)a.e$. .
$L(z)$ $:= \exp(\frac{1}{2\pi}\int_{0}^{2\pi}\log u(\theta)\cdot\frac{\dot{d}^{\theta}+z}{e^{\dot{\iota}\theta}-z}d\theta)$
, $p$ $:=L\circ\pi^{-1}$ , $\ell$ $D$ , $\pi_{1}(D)$ $\Gamma$
. $D$ Parreau-Widom , $H^{\infty}(D, \Gamma^{-1})$ $0$
. , 1 $\sup_{D}|fh|=\sup_{D}|h|(\forall h\in H^{\infty}(D))$ $f\in$
$H^{\infty}(D, \Gamma^{-1}),$ $f\not\equiv 0$ , . 5 , $F:=f\circ\pi$
. , $H$ $:=LF$ $\mathcal{G}$ $\partial\Delta$ $|H|=ua.e$ .
.
4. .
9. $D$ , $D$
$\epsilon_{D}>0$ . , $D$ .
.
10. ( $[S1$ ; Theorem 6]) $E$ $\hat{\mathbb{C}}$ $0$ , $D$
$D\backslash E$ , .
6 , Parreau-Widom
.
11. $0$ $0$ .
$D$ $E$ $0$
. , $\mathbb{C}\backslash E\wedge$ $u$ . $v$
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$u$ , $f=\exp(u+iv)|_{D\backslash E}$ . $f$ $D\backslash E$
. , $p\in H^{\infty}(D\backslash E)$ $h\in H^{\infty}(D\backslash E)$
$\sup_{D}|ph|=\sup_{D}|h|$ . ,
$\sup_{\partial D}|f|<\sup_{D\backslash E}|f|$
, $\sup_{E}|p|<\sup_{D\backslash E}|p|=\sup_{D}|p|=1$ .
, $\zeta\in\partial(D\backslash E)$
$\varlimsup_{zarrow\zeta}|pf|<\{\begin{array}{l}1\sup_{\partial D}|f|<\sup_{D\backslash E}|f|\sup_{E}|p|\sup_{D\backslash E}|f|<\sup_{D\backslash E}|f|\end{array}$
$(\zeta(\zeta\in\in\partial D)E)$
, 3 (C) . , $D$
$D\backslash E$ .
5. FuChs .
$\pi:\Deltaarrow D$ $\mathcal{G}$ $\Delta$
,
$\gamma(z)=e^{i\alpha}\frac{a-z}{1-\overline{a}z}$ ( $\alpha$ $|a|<1$ )







$A(z)$ $:= \prod\{e^{-i\theta(\gamma)}\gamma(z)\}$ ($\theta(\gamma)=\arg\gamma(0),$ $\theta$ (Id) $=0$ ).
$\gamma\in \mathcal{G}$




. , $D$ puncture $\mathcal{G}$
. , Pommerenke [P] $D$ ( Riemann
) Parreau-Widom $\mathcal{G}$ .
.
12. (Pommerenke [P]) .





(c) $\Delta$ $\mathcal{G}$ $A^{*}$ ( , $|A^{*}(\gamma(z))|=|A^{*}(z)|$ ) $A^{*}(0)\neq$
$0$
$|A^{*}(z)| \leqq\frac{|A’(z)|}{\rho(z)}\leqq 1$ $(\forall z\in\Delta)$ .
$\mathcal{G}$ Parreau-Widom (Fuchs) .
, $\mathcal{G}$ . ,
$F=$ { $z\in\Delta:|\gamma’(z)|<1(\forall\gamma\in\Gamma,$ $\gamma\neq$ Id)}
$\mathcal{G}$ $0$ . ,







$= \sum_{\gamma\in \mathcal{G}}\int_{\gamma(\partial\Delta\cap\partial F)}fd\theta=\sum_{\gamma\in \mathcal{G}}\int_{\partial\Delta\cap\partial F}f\circ\gamma\cdot|\gamma’|d\theta$
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. , $f\equiv 1$ ,
$\int_{\partial\Delta\cap\partial F}\rho$
$=2\pi$ .
, $\rho(z)$ $\partial\Delta$ .
6. $Parreau-Widom$ .
, $D$ Parreau-Widom ,
$\mathcal{G}$ . , Poincar\’e $\mathcal{G}$




$H$ $\Delta$ , $E(H)$ .
14







$= \frac{A(z)}{A’(z)}\sum_{\gamma}H(\gamma(z))\frac{\gamma’(z)}{\gamma(z)}=E(H)(z)$ . $\square$
15. $H$ $\mathcal{G}$ , $E(H)=H$.
$E$ $\partial\Delta$ . , $z\in\partial\Delta$ ,









$(\forall t\in L^{1}(d\theta))$ .
(b) $E:L^{p}(d\theta)arrow L^{p}(d\theta, \mathcal{G})$ 1 .
$(\acute{c})$ $E(st)=sE(t)$ $(\forall\iota\in L^{p}(d\theta), s\in L^{q}(d\theta, \mathcal{G}), p^{-1}+q^{-1}=1)$ .
(d) $\int_{\partial\Delta}st|dz|=\int_{\partial\Delta}sE(t)|dz|(\forall t\in L^{p}(d\theta), s\in L^{q}(d\theta, \mathcal{G}), p^{-1}+q^{-1}=1)$ .
(e)
\Delta
$tE(s)|dz|= \int_{\partial\Delta}E(t)s|dz|(\forall t\in L^{p}(d\theta), s\in L^{q}(d\theta),$
$p^{-1}+q^{-\iota}=$ 1).
, $t\in L^{p}(d\theta)$ . $p=\infty$ , $z\in$
$\partial\Delta$
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$|E(t)(z)| \leqq\sum_{\gamma\in \mathcal{G}}|t(\gamma(z))||\gamma’(z)|/\rho(z)\leqq$ | |\infty $\sum_{\gamma\in \mathcal{G}}|\gamma’(z)|/\rho(z)=$ | |\infty .
, $1\leqq p<\infty$ ,
$\rho(z)^{p}|E(t)(z)|^{p}\leqq(\sum_{\gamma\in \mathcal{G}}|t(\gamma(z))||\gamma’(z)|)^{p}$
$\leqq(\sum_{\gamma\in \mathcal{G}}|t(\gamma(z))|^{p}|\gamma’(z)|\int\sum_{\gamma\in \mathcal{G}}1^{p/(p-1)}|\gamma’(z)|_{1^{1}})^{p-1}$
$=( \sum_{\gamma\in \mathcal{G}}|t(\gamma(z))|^{p}|\gamma’(z)|)\rho(z)^{p-1}$ .
$\uparrow_{\llcorner}^{f}$ , $|(Et)(z)|^{p}\leqq E(|t|^{p})(z)$ .
(a) $t\in L^{1}(d\theta)$ ,
$\int_{\partial\Delta}td\theta=\sum_{\gamma\in \mathcal{G}}\int_{\partial\Delta\cap\gamma(\partial F)}t|dz|=\sum_{\gamma\in \mathcal{G}}\int_{\gamma(\partial\Delta}$
$\partial F$)
$t(z)|dz|$
$= \sum_{\gamma\in \mathcal{G}}\int_{\partial\Delta\cap\partial F}t(\gamma(w))|\gamma’(w)||dw|=\int_{\partial\Delta\cap\partial F}E(t)(w)\rho(w)|dw|$








. Riemann Forelli [F]
. Forelli Riemann , Earle Marden [EM]
, Poincar\’e . , Pommerenke
[P] Parreau-Widom Riemann Fuchs
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, Earle-Marden . Samokhin
Pommerenke . ,
, Samokhin [S4] .
, $\pi(0)$ $D$ Green $W-G(w, \pi(0))$
$Z(\pi(0))=\{\zeta_{1}, \zeta_{2}, \ldots\}$ ,
$\Lambda(w)=\exp\{-\lambda(w)-i\lambda^{*}(w)\}\sim$ , $\lambda(w)=\sum_{k}G(w, \zeta_{k})$ ,
. ,
$A^{*}(z)$ $:=\Lambda\pi(z)\sim_{\circ}$
, $A^{*}$ $\mathcal{G}$ $\Gamma_{*}$ . , .




$(\forall f\in H^{p}(\Delta))$ .
$f\in H^{\infty}(\Delta)$ , $\Vert E(f)\Vert_{\infty}\leqq\Vert f\Vert_{\infty}$ $E(f)\in H^{\infty}(\Delta, \mathcal{G})$ ,
$\Vert A^{*}\Vert_{\infty}\leqq 1$ , $A^{*}E(f)\in H^{\infty}(\Delta, \Gamma_{*})$ $\Vert A^{*}E(f)\Vert_{\infty}\leqq\Vert f\Vert_{\infty}$ .
, $f\in H^{p}(\Delta)(1\leqq p<\infty)$ . , $f_{r}(z)$ $:=f(rz)$ $(\tau<1)$
, $\Vert f_{r}-f\Vert_{p}arrow 0(rarrow 1-0)$ . , $\Vert E(f_{r})\Vert_{p}\leqq\Vert f_{r}\Vert_{p},$ $\Vert E(f_{r})-$
$E(f)\Vert_{p}=\Vert E(f_{r}-f)\Vert_{p}\leqq\Vert f_{f}-f\Vert_{p}arrow 0$, $\Vert A^{*}E(f_{r})-A^{*}E(f)\Vert_{p}\leqq\Vert E(f_{r})-$
$E(f)\Vert_{p}arrow 0$ . $f_{r}$ , $A^{*}E(f_{r})\in H^{\infty}(\Delta)$ , $A^{*}f$
$H^{\infty}(\Delta)$ $L^{p}$ ( , $H^{p}(\Delta)$ ) , $\Vert A^{*}E(f)\Vert_{p}\leqq\Vert f\Vert_{p}$
.
18. ( $[S4$; Theorem 2]) $p\geqq 1$
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$[\overline{E(H_{0}^{p}(\Delta))}]^{\perp}=R^{q}(\Delta, \mathcal{G})$ , $[ \overline{E(A^{*}H^{p}(\Delta))}]^{\perp}=\frac{1}{A^{*}}H_{0}^{q}(\Delta,\Gamma_{*})$ .
$t\in L^{q}(d\theta, \mathcal{G})$ , $f\in H_{0}^{p}(\Delta)$
$0= \int_{\partial\Delta}E(f)td\theta=\int_{\partial\Delta}ftd\theta$
$t\in H^{q}(\Delta)$ ( , $t\in 1i^{q}\Delta,$ $\mathcal{G}$ ) . , $t\in$
$L^{q}(d\theta)$ to $\gamma=\Gamma_{*}(\gamma)t(\forall\gamma\in \mathcal{G})$ , $t/A^{*}$ $\partial\Delta$ $\mathcal{G}$
, $f\in H^{p}(\Delta)$
$\int_{\partial\Delta}E(A^{*}f)\cdot\frac{t}{A^{*}}d\theta=\int_{\partial\Delta}A^{*}f\cdot\frac{t}{A^{*}}d\theta=\int_{\partial\Delta}f\cdot td\theta=0$
$t\in H_{0}^{q}(\Delta)$ , , $t\in H_{0}^{q}(\Delta, \Gamma_{*})$ .
, [S4] .
19. $E(H^{1}(\Delta))$ Cauchy (DCT) (
[H3; P. 151] ) : , $f\in E(H^{1}(\Delta))$





(a) $D$ (DCT) .
(b) $E(A^{*}H^{p}(\Delta))=H^{p}(\Delta, \mathcal{G})$ $(p\geqq 1)$ .
$(C)$ $[H^{p}(\Delta, \mathcal{G})]^{*}=$ $L^{q}(d \theta, \mathcal{G})/\frac{1}{A^{*}}H_{0}^{q}(\Delta, \Gamma_{*})$
$[L^{p}(d \theta, \mathcal{G})/\frac{1}{A^{*}}H_{0}^{q}(\Delta, \Gamma_{*})]^{*}=$ $H^{q}(\Delta, \mathcal{G})$ .
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, . , $\mu$ $D$
compac $t$ Borel $H^{\infty}(D)$
$\varphi(f)$ $:= \int_{D}fd\mu$ .
21. $D$ (DCT) Parreau-Widom ,
$H^{\infty}(D)$ Shilov $\partial H^{\infty}$ $\varphi_{\mu}$ $\partial H^{\infty}$
.
Parreau-Widom .
F. &M. Riesz Rudin-Carleson .
22. $D$ (DCT) Parreau-Widom , $A(D)$
$H^{\infty}(D)$ pointwise boundedly dense , $\partial D$
$A(D)$ $\partial D$ .
23. , $\partial D$ $0$
$A(D)$ (peak interpolation set) .
[EM] C.J. Earle and A. Marden, On Poincar\’e series with application to $H^{p}$
spaces on bordered Riemann surfaces, Illinois J. Math. 13 (1969),
202-219.
[F] F. Forelli, Bounded holomorphic functions and projections, Illinois
J. Mat. 10 (1966), 367-380.
[H1] M. Hasumi, Invariant subspace theorems on open Riemann surfaces,
Ann. Inst. Fourier (Grenoble) 24, 4 (1974), 241-286.
[H2] M. Hasumi, Invariant subspace theorems on open Riemann surfaces,
II, Ann. Inst. Fourier (Grenoble) 26, 2 (1976), 273-299.
[H3] M. Hasumi, Hardy Classes on Infinitely Connected Riemann Surfaces,
167
Lecture Notes in Math. Vol. 1027, Springer-Verlag, Berlin-Heidelberg-
New York-Tokyo, 1983.
[P] M. Parreau, Th\’eor\‘eme de Ratou et probl\‘eme de Dirichlet pour les
lignes de Green de certaines surfaces de Riemann, Ann. Acad. Sci.
Fenn. Ser. A.I. No. 250/25 (1958), 8 pp.
[S1] M.V. Samokhin, On automorphic analytic functions with given
modulus of boundary values, Mat. Sb. 101 (143)(2) (1976), 189-203.
[S2] M.V. Samokhin, On some questions related to the problem of
existence of automorphic analytic functions with given modulus of
boundary values, Math. Sb. 111 (153) (4) (1980), 557-578.
[S3] M.V. Samokhin, On some boundary properties of bounded analytic
functions and the maximum modulus principle in the domains
with arbitrary connectivity, Mat. Sb. 135 (177) (4) (1988), 497-513.
[S4] M.V. Samokhin, Some classical questions in the theory of analytic
functions in domains of Parreau-Widom type, Math. Sb. 182 (6)
(1991), 892-910.
[W1] H. Widom, The maximum principle for multiple-valued analytic
functions, Acta Math. 126 (1971), 63-82.
[W2] H. Widom, $\mathcal{H}_{p}$ sections of vector bundles over Riemann surfaces,
Ann. of Math. 94 (1971), 304-324.
